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A Theory of Laminated Cylindrical Shells Consisting

of Layers of Orthotropic Laminae

Tes-Min Hsu*
Lockheed-Georgia Company, Marietta, Ga.

AND

James Tine-SHUN WaANGT
Georgia Institute of Technology, Atlanta, Ga.

The development of a general linear theory and the derivation of equations of motion for the
analysis of laminated cylindrical shells consisting of layers of orthotropic laminae is presented.
The classical Kirchhoff hypothesis of nondeformable normals commonly used for isotropic
shells is abandoned so that compatible shear stresses and deformation between layers can be
maintained. Transverse inextensibility of each layer is assumed; however, the mormal
stresses in the transverse direction are accounted for so that the peeling stresses between
layers may be determined. The transverse coordinate z, when compared to the radius of the
midsurface of each layered cylinder, is generally small; however, it is not neglected in the

general derivation.

The general procedure in the derivation is similar to that presented by

Ambartsumian for orthotropic plates. However, the resulting governing differential equa-
tions are substantially more complicated than those for orthotropic plates.

Nomenclature

hi = thickness of the jth layer of a layered
cylindrical shell

N = total number of layers of laminated
shell

Ri = mean radius of the jth layer of lay-
ered cylindrical shell

w? i wi = displacement components in longi-
tudinal, circumferential, and nor-
mal directions, respectively

z,0,2 = cylindrical coordinates

Uo? vof = displacement components of the
middle surface of the jth layered
shell in = and y directions, respec-
tively

XiYiZi = longitudinal, circumferential and

normal components of surface
loads applied to the jth contact
surface

stress couples of the jth layered shell

stress resultants of the jth layered
shell

material elastic constants

constants which are functions of ma-
terial elastic constants and dimen-
sions of the shell

MMy Mg, Mos?
Nz_:,Nay’NWJ’Nng,QIJ’Qai
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=R = functions which characterize the
variation of the transverse shear
stresses

a.0,097,0,7 normal stress components

shear stress components
normal strain components
shear strain components
material mass density

T¢97,T9z7,‘l':czJ
€7,€97,€,7

7 ) i
Yz’ Y9z s Yz
pi
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Introduction

HE demand for increasing structural efficiency and for the
weight reduction of many advanced vehicle designs has re-
sulted in the use of a layered shell construction. The exist.
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ing general theories of anisotropic layered shells were de-
veloped on the basis of the Kirchhoff hypotheses, and analyses
were made by considering all layers as one equivalent layer
with effective stiffnesses.

The original investigations on the theory of anisotropic
shells, carried out by Shtaerman! in 1924, deal with the prob-
lem of the theory of symmetrically loaded orthotropic shells of
revolution. The membrane theory of anisotropic shells has
been considered by Ambartsumian? and Dong.? The basic
equations of the theory of orthotropic shells were derived by
Mushtari*s in 1938. The theory of anistropic layered cylin-
drical shells was first investigated by Ambartsumian® in 1953.
Eason’ considered radial vibration for the case of an infinitely
long anisotropic cylinder. Das® derived Donnell-Vlasov-type
equations for an orthotropic single-layered cylindrical shell ac-
cording to classical thin shell theory with in-plane inertia ne-
glected. General solutions for a simply supported shell are
presented, but no numerical results are given. Mirsky®.1
applied the Frobenius series method to solve the problem of
axisymmetrie vibration of infinitely long orthotropic cylinders
with one layer. Kalnins!! by defining an equivalent density
of a layered shell, generalized the theory of rotationally sym-
metric thin elastic shells and applied the results to both iso-
tropic and orthotropic layered cylindrical shells of infinite
length. Although Ahmed? has considered the thick shell
problem, his investigation was limited to the case of infinitely
long eylinders; hence, the boundary conditions have no effect
on their axisymmetric vibration. Furthermore, only plane
strain was considered. Bert, Baker, and Egle investigated the
free vibrations of multilayer anisotropic cylindrical shells
based on the Kirchhoff hypothesis.’® Thus, all theoretical
studies for vibration of anisotropic cylinders are based upon
either the Kirchhoff hypothesis or upon considering only the
radial vibration of infinitely long cylinders.

As indicated by Ambartsumian,! the hypothesis of non-
deformable normals, while acceptable for isotropic shells, is
often quite unacceptable for anisotropic shells, even if the an-
isotropic shell is relatively thin (A/R « 1). The Kirchhoff
hypothesis, i.e., the one based upon the hypothesis of nonde-
formable normals, is quite indifferent to relations of the type
Gra/ Exi, Ess/ Er: (Gia transverse moduli of shear, E;; transverse
modulus of elasticity, Ez; moduli of elasticity in the direction
of middle surface), and thus it often contains substantial er-
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Fig. 1 Geometry of a layered cylindrical shell.

ror. Therefore, a more exact theory of shells that are con-
structed of anisotropic material may be developed only by
abandoning the hypothesis of nondeformable normals.

In the present analysis, the hypothesis of nondeformable
normals will not be invoked, but the inextensibility of the
thickness together with finite length cylinders are considered;
as a result, one obtains a ‘“‘two-and-a-half-dimensional elas-
ticity theory.” 15

The theory presented in this paper for a general layer may
be viewed as a simplification of the Reissner-Naghdi higher-
order shell theory extended to the orthotropic case, but with
transverse normal strain neglected (see Ref. 17, p. 68).

It is assumed that the bond between layers of the shell is
sufficiently thin so that the geometry of the shell system is not
altered and the bond inertia can be neglected. In order to
be able to determine interacting stresses, each layer is consid-
ered separately. Stress resultants and stress couples in terms
of displacement components and shear functions are formu-
lated, and the governing differential equations for each ortho-
tropic eylindrical layered shell with interacting stresses acting
as surface loading are derived. The general results are re-
duced to the rotationally symmetrie deformation of N-layered
cylindrical shells, and some discussions and solutions may be
referred to (Hsu’s work's).

Formulation for a General Cylindrical Layer of
Orthotropic Material

The hypothesis of nondeformable normals, although accept-
able for isotropic shells, is often quite unacceptable for aniso-
tropic shells as indicated in Ref. 14, even if the anisotropic
shell is relatively thin. In addition, the hypothesis will lead
to incompatible interacting shear stresses between layers. It
is, therefore, necessary to derive a new theory of shells without
using the hypothesis of nondeformable normals.

Basic Assumptions

The basic assumptions used in this analysis are as follows.

1) Al layers of the laminated shell remain elastic in the
presence of deformation and obey the generalized Hooke’s
Law.

2) The shell is transversely inextensible.

3) No slippage takes place between layers.

4) The bond between layers is sufficiently thin that the
geometry of the shell system is not altered and bond inertia
can be neglected.

5) The variation of transverse shearing stresses 7..” and
7¢,7 is represented in the following forms for a general jth
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layer:

7ot = (@@ @,0) + (/W)X + Xi) +
(X7 — Xi71)/2 (1a)

Ty = R@W@) + /W)Y + YiTY +
Yi—=Yi=1/2 (1b)

where z, y, 2 are cylindrical coordinates as shown in Fig. 1;
Xi, Xi—1 Yi and Y7! are tangential components of the in-
tensity of surface loads, applied to the outer surfaces of the
shell; ¢i(z,0), ¥i(x,0) are the desired functions characterizing
the variation of transverse shear; fi(z) and f>7(z) are functions
which represent the variation of transverse shear stresses 7.,/
and 7,.7, with fi7(3347) and f.i(£3h7) = 0, where k7 is the
thickness of the jth layer.

Stress-Strain Relationships

The stress-strain relationships for an orthotropic- elastic
material with transverse inextensibility may be written as

O'xi = Blljezj + Bllje9j, T:cz]. = BﬁSj'szj

09! = Buiie,s 4 Baieg’, 797 = Buiyp. 2

0. = Buie,’ + Buieg), 7ap' = Boglyap?

or
€ = anio,’ + awiog’ + aio.d, Yol = GalTe.!

EGf = a21i0‘xj + a227'09f + a23].0'z7., 721j = 5577 227 (3)
€7 = anio,? + anioy + anio.’ = 0, V.6 = e’ Tre7

where o.7, 097, ..., .47 are stress components; €., e’, ...,
Y«6' are strain components, and Bi,7 and a7 are elastic con-
stants. Bin? and ai.? are related as follows:

Byt = an™i/Qi, Byl = —a*i/Q, Basi = an™*i/Q7

Byl = 1/aui, Bssi = 1/as57, Bes? = 1/aes’ 4)
Byl = — (1/ass?)(as’Bu? + awsiBia?)
Byi = — (1/a33j)(<1137312f + 0237822")

where
o™ = an’ — [(a15)*/ass?], a*i = a1’ — (arass’/as’)

an™ = awi — [(an))*/ax], ¥ = au*ian* — (02*)*

and where
on’ = 1/E17', ap! = — Vlzf/Ezj, iy’ = — vis!/ Bl
an! = — Vzlj/Elj, (ool = 1/E2f, Qog? = — V23j/E3j
an’ = — val/Eyi, an’ = — v3i/Esf, a7 = 1/E3?

au? = 1/Ges?, ass' = 1/Gis?, age’ = 1/Gho?
(i, Byi By?), (Ghoi Ghs?,Gas?), and (v1af,v137,v257) are generalized
elastic and shear moduli and Poisson’s ratios, respectively.
Strain-Displacement Relationships

The strain-displacement relationships for a cylindrical shell
are as follows:

e = duifor, v = [I/(RF + 2))(ui/06) + (ovi/dz)
. 1 Qv ; ]__b_vf_ v7
607—Ri+2<a—0+w>; 702—"62 R7+Z+
1 ow?
Rf—l—zﬁ ®)

€./ = dwi/dz, v..! = (Qui/dz) + (Qwi/dzx)

where u/, v7, and w/ are displacement components in longi-
tudinal, circumferential, and normal directions, respectively,
shown in Fig. 1; and R is the mean radius of the jth layer.
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These equations are reduced directly from the relations for
general shells as in Ref. 16 and other texthooks.

Stress Resultants and Stress Couples

By the assumption of transverse inextensibility, from the
third equation of Eq. (5), one obtains

€ = dwi/dz = 0
or
wi = w(z,d) (6)

The substitution of Eqs. (1) into the 4th and 5th equations
of Eq. (2) results in the expressions

Vool = a55j{f17¢f + (/A)(X7 + X7 +
(X7 = Xi1/2]} ()
Yol = 1144f{f2j¢j + (@/h)(Y7 4 Yi~l +

(Y= Yih/2l} (8)

Substituting Eqs. (6-8) into the 5th and 6th equations of
Eq. (5) and integrating with respect to the normal coordinate
2 yields the following expressions for longitudinal and circum-
ferential displacements:

ui(x,0,2) = upi(z,0) — z[owi(x,0)/dx] + fs/(2)¢i(x,0) -+
fi@Xi(x,0) + /()X (2,0) (9)
and
vi(x,0,2) = vi@,0)[1 + (/R)] + fi@)y¥i(z,0) —
(2/R)owi(x,6)/00 + fii(z)Yi(z,0) +
(@)Y (z,6) (10)

where u?, 1)/ are the tangential displacements of the middle
surface of the jth layer in the z and @ directions, respectively,
and where

f51@) = ass’ j;zflj(g‘)df
fii(@) = (as'/2)-2[1 4 (2/h9)]
£9@) = (asi/2)-2[—1 + (2/h)] (1)

= ()
0 Ri | ;df

fei(@) = aui(R7 + 2)

fi@) = (ani/2)(Ri 4 2){(z/h7) +
3 — (Ri/h)] In[(R7 + 2)/Ri]}
fsi@) = (aui/2)Ri + 2){(e/h?) — [§ + (Ri/h)] X
In [(R7 + 2)/Ri]}

From Eq. (5), the strain-displacement relations then have
the forms

Qug? i XJ 1
6:’=—a;—2w+f +f4‘+fs’
;L oow el ?j" _ 2 O_W
TR0 " Rit+z00 Ri(R +2) 06
wi f7] bY] f77' oYi—1 (12)
Ri+z Ri+:200 Ri+2 08
;o oW
“ T %
L1 duy 2RI+ 2) ow Jii gl
Yot T Ri {200  RIR +2) 0200 ' Ri + 2z 08
v Wf’ fi  0Xi
(1 =+ ) + fol Rf—l-z Y, +
fi dXiT | QYi . QYT
Ri+2z o0 T T

and 7.7, ve.’ are indicated in Eqs. (7) and (8).
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Substituting Eq. (12) into Eq. (2), one can express the
stress components in terms of displacement components and
normal coordinate.

Stress resultants {N.7, No/, Noo?, Noo, @.7, Qo) and stress
couples { M7, Mg?, M .o/, Mp.7} can be formulated in terms of
displacement of middle surface of the shell by the integration
of stresses over the shell thickness as follows:

hi/2

{No, Nog?, Q1) = f_h]./z {o2t, Tap, 7227} <1 + —f—> g

{047, 147, 7.7} dE (13)

¢
-+ RJ> da¢

{007, 7.7} - CdS

Ri/2
{Ngf’ No.?, Qof} = f

—hi/2

hi/2

(M3, Mt} = f e ra) <1

(2
(w0t = [

and

After carryinO' through the integrations, one obtains

Y | But <%+ >

Bn"(hf)s O2wi ; ; l 1\ 07
19R1 opr T Bu [(gl t RO ) %t

N, = Buih:l -_—

<ng + L gsf) LXJ + (93 + = R g67> b)a(;‘l:l +
BI;J [916 % + g1’ aY] + ey a%—il (19
Ngi = Buihi au°— 1 Buy % aai(‘; + By (%jj + clf)wf +
¢/ Ba "a‘m '+ B (g;j aa% + g a =t g a)ao 1> +

. OYJ oYi—1
By (gzs ¢ + g’ — +g21 oy )

o1/}
Naof = 56‘5_] [h gu_" + <R7’h7 + _(h_)> % _

R 12R
(h1)? O*wi Opi a dXi—t
1987 0z00 T 9 20 T 3g + 9 5a

o ') L L oYi
(Rigis’ + g197) "éi‘] + Rigi’ + ga0?) _1 +

Y -1
(Rigis’ + gn?) :l

. ; i }L_ buo b
Ng,7 = By [(Cl + Rf> D—DH +
0 i X oXi—1
hﬂ—#gm 24‘911 +g1>-a'§—+
oy OYJ QYi—1
g16° a—ﬁ + g7 + g’ *5;:“]

sz = galp’ +

|

hi hi hi
+ _ _ Yyt
(1 >X 2 <1 6RJ’>A

hi L.
Qo = guid? + o (V7 — V77

= 0 (g0 B
Mt = omi \BY 5 ¥ Ri 30
QWi Byyi 0w ) a)ﬁf
ByiRi o R 002> + Bu? (gv + g’ —— ‘l‘
QX1 Bio/ fe) an oY1
gy’ oz >+ le <g19 j + g2’ —— +gzx —80_>
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. Bui(hi)® o%wi oo . Otwi equations that are available in any standard textbook on shell
My = 12 oz BwiRicyi | wi + 062 + theories, such as Ref, 16. When the coordinate system coin-
) . cides with the lines of prineipal curvature, the equations of
By (94" ? +g b + gef ajg ! > + motion of the jth layer of layered cylindrical shell become
2z

: o] OY QYi~1
Byyi <gzs’ —a‘% + G207 + ga’ )

08
i 7)38 i 207
M,,oi BGG (}L ) (bvo O > 4 b<p

Ri 6 ox 0zl 20
0X7 bX’"l ) oY+ QY1
gs’ 20 + g6’ —<— + g2’ ‘// + 9237 = + Gou? b;: :I

i = Bei ! — iiauo, i(Ri)? (h1)? '} Ofwi
Mo,i = B { Rie, Y] I:Cl (R7) +12R" bx30+

(9 w2 oXi
R o0 T ¢ T ot g + ot 00 T
o) oY+ QY1
919’ 1,0 + !}20’ + ga? W]
where

o = 2y (/R + 5 (/RO
S hif2 P
{gi g s’} = f_,w./z {fsf,fud fsi}de
S ki/2 s
{g4iyg5]7gﬁj} = f_ . {f37;f4]7f5]}'Zd2

hi/2
o hi/2
losgoart = 170 sos = (14 )

hi/2

1
(owigigw) = [0 (hgafo)- gy de (9)

o hi/2 e 2
{gs g1l s’} = f—hi/z et fut fsi} - Rtz dz =

{gn — Rigw',go’ — Riguigs — Rigui}

hij2

{g167 g1 gue’} = f—hi/z {fsl fri fai}dz

hi/2

{glef,gzoi,gzﬂ} = f—hi/z {ij;f7iyf8j} -zdz

hi/2

{gigugu) = [ (g0 0} 2@ + 2

. hi/2 e 1
{9257 goat g7} = f?,“./z {fo i, f} - Ri.®

hi/2 Z

{g2s7 920t g0’} = f—hi/Z Uefifill - %
Riz
g = f_h]_/zflz <1 + 1%) dz

) Rhi/2 d
7 = 7
(32 f—hi/z f2 74

It may be noted that the inclusion of 2/R7 in Egs. (13) leads
to the relations T,y = Tys, and M.y = My.. Note also that
terms involving the logarithm through the integration of Eq.
(13) are expanded in a power series with the first three terms
retained in the expressions (14). This would make the equa-
tions easy to compare with other theories.

Governing Differential Equations of Motion

The equations of motion of a general shell element can be
obtained by including the inertia terms in the equilibrium

(ON.i/dz) + (1/R))(dN¢'./08) + q.7 =
pihi(0%uei/0t%)  (16)
(ON:47/02) + (1/R?)(ON¢i/06) + (Qo?/R7) + o' =
PRI (O%,7/0t%)
(Noi/R7) + qui =
p7hi(0%wi/0t?)

(0Q.7/0z) + (1/R)(0Qe?/00) ~

Q@M.i/dx) + (1/R7)(dMs.7/00) ~ Qi =
— (o (ki) 3/ 12(2%w7 /Oz01?)

QM .o/0z) + (1/R7)(dM4i/00) ~ Qo' =
— [p7(h7)%/12](0%w7/d801t%)

N.o? — Npoi — (Me7/R7) = 0

where ¢.7, go and ¢,/ are surface loading functions.

Substitution of the set of Eqs. (14) into the equations of
motion (16) yields the following governing differential equa-
tions of motion for a general orthotropic jth layer of a layered
cylindrical shell:

buo Bssi i a’LLo’
Buihi 55 +E( +c‘>a_02+

oo W b_w_J _ Bui(li)® o%wi
Ri 0z00 Ri > 12Ri oz°

Odwi ) 1 O2pi
17 Bggi 32002 + Byi [(gﬁ + = R g4> —Sa" +

(Br? + Be')

) 1\ oXX7
(92’ + Ri gs’) Frl + (17)

i 1 ) 02Xi—1 Bss’ bzw
(931 + R g67> 52 :l—l— R [{ho 0% +
Lo aZXv—l] L Bt B (0%
ol Fgr T 9 g Ri 5 220

OO0
9 x0T I T3r00

+

of

%y,
)‘*‘Qm _ph at2

hi 0% B hi)e | O%y
(Bm? -+ Bee) : ! 66 ( ) ] »

Ridz00 ' RI 12R7 | a2

X hi a2voj Bzgi i bwi
B i o0t T R ( + CI) 20

Bsg' (h7)® 0%wi | Bl iy O%wi | (B + Be) «
Ri 12Ri 0220 ' Ri * 08° Ri

ol O QX

97 Sr00 T % 200 ox00

[Rh-i—

+ g5 :|+gs2"}%;. +

7

oY
igni 4+ gw') = o2 -+

B o?
66 [(R]gwy gm" bl/;

62Y7‘1 Byyi o
(Rigng’ + gm¥) ] + —R%Z; [925 bg; +
0%Yd 0%yl hi . —
goe 567 + g —W] SR Yi—Yi) +
Ay
00’ = phi
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Chi duy’ hi Ovy . Bl [hi
Blzl_?].az—*‘Bzz (Rf)ﬁ—i_Rf( +C1> I+

Byyi  0Mwi By fe 1) By ;
~R—J,C17602+<R791—931>a—+[1€yg —
hi hi 0Xi Byi R hi
z<1+ )] o +[E93 +§(“@-)]><
Xt By 1 oY
[ o = ot | o +

o LR

By hi} oY By,
[F s “ﬁw‘] 20 +|:Rf ot g ]

oviZ o
08 T TPV op
Bui#(hi)3 d%uyf . Q%uo’ (h)?
1287 ox® D0 3e T e B '+ Bal) X
Ol Bul(h)*O%wi [, . .. (W)
2200 2 ow | PR+ R X

A1 O%fw O%pi 0xXi
(B + BGG’)] 2002 + By 7 <g7’ b—:; + gsf oz +

02Xt Bes? Q%p 02X 02Xt
g9 > + == - [913 + gi4’ + gis? -—_] +

Y Ri 262 26 Y
Blzf —+ Bsei 023&7 oYi aZY]~1 _
Ri < 5200 T 9" 200 T 9 3506 )

hi hi
ipi — + — P4 — — il =
fue <1 6RJ) < 6R7‘> £

_ o)

12 Oxot?
Bssj(hi)a 0%y’ i ; <bw7 Qdwi _ [B12i(hi)3
ok onr B\ % T om 12R7
(h7)? j:l Qi Biyl + Be? ( . 0% n 02X'i ©
6R7 ™ | 0208 Ri 0200 % 3206
02Xt 1 BGG
gs'bxb()) gu' (Y—Y )+ X
a? aZY; b2Yg~l B i
<g227 asbz + g237 + got —OT) Rijj
52‘// a?Y: aZY;—l _ pf(hj)s a3wj
<g” 06 T I g T 0w Y5 >“ 12 oo

The last equation of Eq. (16) is satisfied identically.

Boundary Conditions

The boundary conditions commonly considered in practice
are shown below. For convenience of discussion, only the
homogeneous boundary conditions are given for the edge de-
fined coordinate line £ = constant.

1) Simply supported edge:

! = vf = wi = M, = dvi/dz|,=o = 0 (18a)

If the supporting edge is without axial constraint, then the
condition uy’ = 0 is repaced by the condition N,/ = 0.
(2) Fully fixed edge:

U = vy = wi = dwi/dx = Qw/dr|.=o = 0 (I18b)
3) Free edge:

N =0Q., =N =My =My =0 (18¢)
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It should be noted that five boundary conditions per edge
need to be prescribed rather than four as in thin shell theory.

Differential Equations for Rotationally
Symmetric Vibrations

For the case of rotationally symmetric vibration, the fune-
tions ug?, wi, 7, X7 and X7~ are functions of the longitudinal
coordinate x and time only, whereas v/, Y7, Y7, and Y7~ are
zero. Thus, the following three governing dlfferentlal equa-
tions of motion for a general layered orthotropic cylindrical
shell reduced from Eqs. (17a) to (17e):

0240 2 4 0 S 4 0 28 0 O 4
67'925)%—/.7 aﬂ+X:-XH=0 (19)
D 2 4 Dy + Dy % 1 pa & 4 D%
pihi S8 4 g = 21 =0 Q0)
Fyi %Z‘; 4 Py € a g Foipl + P Ng + FyiXi +
FoXi™t + Fof a“i’ + Fy azéi’:l - - ”’gy ba;’g; @1)

The coefficients Ci7, Di, and F;7 are constants whose values
depend on the elastic properties of the material and the

dimensions of the shell structure. They are
Cyi = Bnihi; Cyi = (h:‘/R:‘)BIZJ‘
Cyi = —[Bui(h)*/12R?]; C4 = Builg’ + (1/R9)g4]

Cs' = Builge’ + (1/Ri)gs’]; Cof = Builgsi + (1/Ri)gsf]
Dii = Cyi = (W/R)Byi; Dy = (Bn//R)[(hI/Ri) + C\7)]
Dyi = (Buwi/Ri)gi — gui;
Dy = (Bwi/Ri)gs’ — (hi/2)[1 + (hi/6R7)] (22)
Dsi = (Bwi/Ri)gs’ + (hi/2)[1 — (hi/6R7)]
Fyi = Bui(hi)$/12Ri = —Cif; Fy = —Byi(hi)}/12 = CyiRi

Fgi = —931"; Fg = Bu"gﬂ'
Fy = —(hi/2)[1 + (W/6R)]; Fei = (hi/2)[1 — (hi/6R7)]
Fii = Bnigsi; Fsi - Bniggz'

where the superscript 7 stands for the jth layer of a layered
shell. The boundary conditions for rotationally symmetric
deformation of cylindrical shell layer of orthotropic materials
reduced directly from Eqs. (18) are:

1) Simply supported edge:

upi{or No7) = wi = M, =0 (23a)
2) Fully fixed edge:
Uy! = wi = Jwi/dx = 0 (23b)
3) Free edge:
N.=@=M7=0 (23¢)
For a shell having N layers, a total of N sets of differential
equations together with N sets of boundary conditions along

the edges and N —1 sets of continuity conditions needs to be
solved. The continuity conditions between two adjacent jth



2146 T.-M. HSU AND J. T.-S. WANG

and j+1th layers for the general case are

wi = qitl (24a)
uf|zg'=hi/2 = uf"'llz:'ﬂ:_hiﬂ/g (24b)
vflzi=hz‘/z = W+1lz1‘+1=_hi+1/2 (24¢)

A system of equations governing the behavior of multiple-
layered cylindrical shells has thus been derived according to
the theory, without using the classical Kirchhoff hypotheses.
The rotary inertias are included in the general derivation.
However, since all layers are considered to be thin, the
corresponding mass moment of inertia may be neglected in the
numerical computations. If the total thickness of multiple
layers becomes large, it is conceivable that there could be a
contribution from this term. However, Greenspon’s work?!?
for an isotropic material suggests that even in this case this is
probably a higher-order effect.
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