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A Theory of Laminated Cylindrical Shells Consisting
of Layers of Orthotropic Laminae

TEH-MIN Hsu*
Lockheed-Georgia Company, Marietta, Ga.

AND

JAMES TING-SHUN WANG|
Georgia Institute of Technology, Atlanta, Ga.

The development of a general linear theory and the derivation of equations of motion for the
analysis of laminated cylindrical shells consisting of layers of orthotropic laminae is presented.
The classical Kirchhoff hypothesis of nondeformable normals commonly used for isotropic
shells is abandoned so that compatible shear stresses and deformation between layers can be
maintained. Transverse inextensibility of each layer is assumed; however, the normal
stresses in the transverse direction are accounted for so that the peeling stresses between
layers may be determined. The transverse coordinate a, when compared to the radius of the
midsurface of each layered cylinder, is generally small; however, it is not neglected in the
general derivation. The general procedure in the derivation is similar to that presented by
Ambartsumian for orthotropic plates. However, the resulting governing differential equa-
tions are substantially more complicated than those for orthotropic plates.

Nomenclature
h3' = thickness of the jth layer of a layered

cylindrical shell
N = total number of layers of laminated

shell
R3 = mean radius of the jth layer of lay-

ered cylindrical shell
uj',vi,w3 — displacement components in longi-

tudinal, circumferential, and nor-
mal directions, respectively

x,6,z = cylindrical coordinates
UQJ',VQJ' = displacement components of the

middle surface of the jth layered
shell in x and y directions, respec-
tively

X3',Y3,Z3' = longitudinal, circumferential and
normal components of surface
loads applied to the jth contact
surface

Mx
J',Mei,Mxe

J',Mex
3' = stress couples of the jth layered shell

Nx
3,NQJ',NXQ3,N0x

3,Qx
3,Qe

3 = stress resultants of the jth layered
shell

aik3',BikJ',W = material elastic constants
CkJ',Ckj,Dki,Fk3 = constants which are functions of ma-

terial elastic constants and dimen-
sions of the shell

<PJ'^3 = functions which characterize the
variation of the transverse shear
stresses

oV,oy',oV = normal stress components
TxeJ,T0z3',TXZ

3' = shear stress components
ex

j',€03',ez
3 = normal strain components

jxe3,7ezj)yxz3 = shear strain components
pj — material mass density

Introduction

THE demand for increasing structural efficiency and for the
weight reduction of many advanced vehicle designs has re-

sulted in the use of a layered shell construction. The exist.
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ing general theories of anisotropic layered shells were de-
veloped on the basis of the Kirchhoff hypotheses, and analyses
were made by considering all layers as one equivalent layer
with effective stiffnesses.

The original investigations on the theory of anisotropic
shells, carried out by Shtaerman1 in 1924, deal with the prob-
lem of the theory of symmetrically loaded orthotropic shells of
revolution. The membrane theory of anisotropic shells has
been considered by Ambartsumian2 and Dong.3 The basic
equations of the theory of orthotropic shells were derived by
Mushtari4'5 in 1938. The theory of anistropic layered cylin-
drical shells was first investigated by Ambartsumian6 in 1953.
Eason7 considered radial vibration for the case of an infinitely
long anisotropic cylinder. Das8 derived Donnell-Vlasov-type
equations for an orthotropic single-layered cylindrical shell ac-
cording to classical thin shell theory with in-plane inertia ne-
glected. General solutions for a simply supported shell are
presented, but no numerical results are given. Mirsky9-10

applied the Frobenius series method to solve the problem of
axisymmetric vibration of infinitely long orthotropic cylinders
with one layer. Kalnins11 by defining an equivalent density
of a layered shell, generalized the theory of rotationally sym-
metric thin elastic shells and applied the results to both iso-
tropic and orthotropic layered cylindrical shells of infinite
length. Although Ahmed12 has considered the thick shell
problem, his investigation was limited to the case of infinitely
long cylinders; hence, the boundary conditions have no effect
on their axisymmetric vibration. Furthermore, only plane
strain was considered. Bert, Baker, and Egle investigated the
free vibrations of multilayer anisotropic cylindrical shells
based on the Kirchhoff hypothesis.13 Thus, all theoretical
studies for vibration of anisotropic cylinders are based upon
either the Kirchhoff hypothesis or upon considering only the
radial vibration of infinitely long cylinders.

As indicated by Ambartsumian,14 the hypothesis of non-
deformable normals, while acceptable for isotropic shells, is
often quite unacceptable for anisotropic shells, even if the an-
isotropic shell is relatively thin (h/R « 1). The Kirchhoff
hypothesis, i.e., the one based upon the hypothesis of nonde-
formable normals, is quite indifferent to relations of the type
Gks/Eki, E^/Eki (&s transverse moduli of shear, E& transverse
modulus of elasticity, Eki moduli of elasticity in the direction
of middle surface), and thus it often contains substantial er-
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layer:

Fig. 1 Geometry of a layered cylindrical shell.

ror. Therefore, a more exact theory of shells that are con-
structed of anisotropic material may be developed only by
abandoning the hypothesis of nondeformable normals.

In the present analysis, the hypothesis of nondeformable
normals will not be invoked, but the inextensibility of the
thickness together with finite length cylinders are considered;
as a result, one obtains a "two-and-a-half-dimensional elas-
ticity theory/'15

The theory presented in this paper for a general layer may
be viewed as a simplification of the Reissner-Naghdi higher-
order shell theory extended to the orthotropic case, but with
transverse normal strain neglected (see Ref. 17, p. 68).

It is assumed that the bond between layers of the shell is
sufficiently thin so that the geometry of the shell system is not
altered and the bond inertia can be neglected. In order to
be able to determine interacting stresses, each layer is consid-
ered separately. Stress resultants and stress couples in terms
of displacement components and shear functions are formu-
lated, and the governing differential equations for each ortho-
tropic cylindrical layered shell with interacting stresses acting
as surface loading are derived. The general results are re-
duced to the rotationally symmetric deformation of TV-layered
cylindrical shells, and some discussions and solutions may be
referred to (Hsu's work18).

Formulation for a General Cylindrical Layer of
Orthotropic Material

The hypothesis of nondeformable normals, although accept-
able for isotropic shells, is often quite unacceptable for aniso-
tropic shells as indicated in Ref. 14, even if the anisotropic
shell is relatively thin. In addition, the hypothesis will lead
to incompatible interacting shear stresses between layers. It
is, therefore, necessary to derive a new theory of shells without
using the hypothesis of nondeformable normals.

Basic Assumptions

The basic assumptions used in this analysis are as follows.
1) All layers of the laminated shell remain elastic in the

presence of deformation and obey the generalized Hooke's
Law.

2) The shell is transversely inextensible.
3) No slippage takes place between layers.
4) The bond between layers is sufficiently thin that the

geometry of the shell system is not altered and bond inertia
can be neglected.

5) The variation of transverse shearing stresses TXZJ and
T8zJ' is represented in the following forms for a general jth
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(la)

(Yf - 7/-i)/2 (Ib)

where x, y, z are cylindrical coordinates as shown in Fig. 1;
X3', XJ'~l, Y', and Y3~l are tangential components of the in-
tensity of surface loads, applied to the outer surfaces of the
shell; <p3'(x,6), \f/3'(x}6) are the desired functions characterizing
the variation of transverse shear; fi3(z) and./y (V) are functions
which represent the variation of transverse shear stresses TXS>
and T0g>, with fi3(±^h3) and /2*(±i^') = 0, where hj' is the
thickness of the jth layer.

Stress- Strain Relationships

The stress-strain relationships for an orthotropic elastic
material with transverse inextensibility may be written as

or

0V = Bn
3ex

3 + #i2'V, TXZ>' =

0V = #i2'e*> + #22'V, res3 =

0V == #i3y<V + #23JV, Txo' =

(2)

zx
3 (3)

€z3' = a3i'oV + &32W + 033' 0V = 0, yxo> = a^rxej

where aV, ov", . . ., rxe3' are stress components; ex
3', ee3', . . .,

yxe3' are strain components, and B^ and a\J are elastic con-
stants. <Bin* and ain

3 are related as follows:

B,,3

where

#13' = -

#23' = -

-ai2*y/fiy, #22' =
1/066', #66' =

(ai8'#ll'' + O28'#12')

(ai3'#12'' + 023''#22')

an*3 = an3 — [(ais

022*' = «22?' - [(a23'')V«33'], & = 1̂1*

and where

(Ei>,E2',Es
3), (Gu3,Gi33,G<!a3), and (^i2'>i3?>230 are generalized

elastic and shear moduli and Poisson's ratios, respectively.

S train-Displacement Relationships

The strain-displacement relationships for a cylindrical shell
are as follows:

yx9'' =

_ 1 /'dv'
e R3 + z \bd

y"'= ^- v3

!»• + «

59

ez
3 = z, yxz

3 =
where u3, v3', and w3' are displacement components in longi-
tudinal, circumferential, and normal directions, respectively,
shown in Fig. 1; and R3 is the mean radius of the jth layer.
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These equations are reduced directly from the relations for
general shells as in Ref. 16 and other textbooks.

Stress Resultants and Stress Couples

By the assumption of transverse inextensibility, from the
third equation of Eq. (5), one obtains

= 0
or

w* = w(x,6) (6)

The substitution of Eqs. (1) into the 4th and 5th equations
of Eq. (2) results in the expressions

[(Y* - F>-*

(7)

(8)

Substituting Eqs. (6-8) into the 5th and 6th equations of
Eq. (5) and integrating with respect to the normal coordinate
z yields the following expressions for longitudinal and circum-
ferential displacements:

u>'(z,0,z) = w(x,0) - z[&w*'(x,0)/dx] + fc(z)<p>'(x,6) +
fr(z)Xi(x,0) + fr(z)X*-i(x,0) (9)

and

where ntf, vtf are the tangential displacements of the middle
surface of the yth layer in the x and 6 directions, respectively,
and where

(IDf*'(z) = (a55'72) •*[-! + (z/h*)]

= (044*72) (£'• 4- - ft + (fl'AO] X

In [(fl/ +

From Eq. (5), the strain-displacement relations then have
the forms

- Z
„

/3J' ^ "^^ ^——da;

Substituting Eq. (12) into Eq. (2), one can express the
stress components in terms of displacement components and
normal coordinate.

Stress resultants {Nx^Ne^NxB\ Nox'', Qx>', Qe7'} and stress
couples {Mx>, Me1', MxeJ', Mex

j] can be formulated in terms of
displacement of middle surface of the shell by the integration
of stresses over the shell thickness as follows:

df

(13)

and
{Me*, Me

After carrying through the integrations, one obtains

/1/4,(14)

+
. / . d^i2? ( QIJ -^-\ dx da;

[ 7 . &W
hl~*e

,
4- 4-

^

. f /[(

-T-

. . h>'c, + - — +

57?
oy) —

dF'-n
2lO ^~

R* z)
wj

R>' +

do;

«/ + ^

^y
 ne2

? = — = 0

I \ /

,

do;

R> 4- z 06 "da:

and yxg
j', yes1' are indicated in Eqs. (7) and (8).

Mx>' =

~^— 4~ Q\I* ^~ 4~ QI& —r~—ox ox ox

Qe* = gnW +

_ -
da; " ~R>' 5(9

' B12^ d2^ A , D . / . d^» , . t>Xi
- — r ^rr ) + 5U' (07^^- + 08

J ^—,R^ d^2 / \ da; do;

-A J5i2» / d^'
J + ̂  V^19' ̂

dF'
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12 —— equations that are available in any standard textbook on shell
theories, such as Ref. 16. When the coordinate system coin-
cides with the lines of principal curvature, the equations of
motion of thejth layer of layered cylindrical shell become

(16)

.MxeJ
(Qe'/R*)

.dZ' .5Z'-1

- *,•-

57? . 57'~

dV

1"]J

- QJ =

- Qe3 =

. , . ,-^— + 02o> ^^ + .57'"1

1^ -r —do; 0
where

= J '_'J/

where qx*, qej and qn
3 are surface loading functions.

Substitution of the set of Eqs. (14) into the equations of
motion (16) yields the following governing differential equa-
tions of motion for a general orthotropic yth layer of a layered
cylindrical shell:

dz

(15)

3
r+l'

} = J _'hi/

} = f ' 9•/ — r l J / 4

f ' „ {/6»/ — HI/A

128

hj/2

It may be noted that the inclusion of z/RJ' in Eqs. (13) leads
to the relations Tx<f> ^ T^, and MX(f> ^ M^x. Note also that
terms involving the logarithm through the integration of Eq.
(13) are expanded in a power series with the first three terms
retained in the expressions (14). This would make the equa-
tions easy to compare with other theories.

Governing Differential Equations of Motion

The equations of motion of a general shell element can be
obtained by including the inertia terms in the equilibrium

r . avr' 5^

0267
_

U ;
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. hi

A/ A , - hi M ̂ '
2 V1 + 6B J J ̂

£22> . hi I
fi? **' " 2» ' J

57'

--YI(* T"> ,• I I
OftVJ

2Ri] X

NXX

l2Ri do:2
p . .

- #66 W + Bwi) X

9u>

•———————————• I (7i9^ ———— ~~r~ 0%Q3 ———— —J— (72i? ———^

^ y / ) / '̂ (^ _i_ '̂ \ yy 4-ki (l h3'\g^v1 - ^ 11 + -^p.} &' + - 11 - —^ j
Z \ u/t'/ Z \ D/t?/

12

dz2

5V

^'x

5V
-

12

The last equation of Eq. (16) is satisfied identically.

Boundary Conditions

The boundary conditions commonly considered in practice
are shown below. For convenience of discussion, only the
homogeneous boundary conditions are given for the edge de-
fined coordinate line x = constant.
1) Simply supported edge:

W = vtf = wi = Mxi = dvi/dz\g=Q = 0 (18a)

If the supporting edge is without axial constraint, then the
condition UQ}' = 0 is repaced by the condition NX

J' = 0.
(2) Fully fixed edge:

uQi = v0i = wi = dwi/bx = c)vi/bx\z=0 = 0 (18b)

3) Free edge:

= 0 (18c)

It should be noted that five boundary conditions per edge
need to be prescribed rather than four as in thin shell theory.

Differential Equations for Rotationally
Symmetric Vibrations

For the case of rotationally symmetric vibration, the func-
tions MO', v>i, <p>, X> and X'~l are functions of the longitudinal
coordinate x and time only, whereas v0>, \j/', Y>, and Y'~l are
zero. Thus, the following three governing differential equa-
tions of motion for a general layered orthotropic cylindrical
shell reduced from Eqs. (17a) to (17e) :

d v

~ pihi

* - Z>-1 = Q (20)

+

. .
8 2

+drc2 d^2 12 (21)

The coefficients Ck*, Dk
3, and Ftf are constants whose values

depend on the elastic properties of the material and the
dimensions of the shell structure. They are

' + 8/ + (l/Ri)g&i]

} (22)

ZV = (B12>'/R>')gi>- + (h*/2)[l - (h*/6R*)]
Bui(hi)*/l2Ri = -Czi] F,i = -Bu''(h*)*/12 = C^R*'

where the superscript j stands for the yth layer of a layered
shell. The boundary conditions for rotationally symmetric
deformation of cylindrical shell layer of orthotropic materials
reduced directly from Eqs. (18) are:
1) Simply supported edge:

Nxi) = Mxi = 0

2) Fully fixed edge:

3) Free edge:

Mxi = 0

(23a)

(23b)

(23c)

For a shell having N layers, a total of N sets of differential
equations together with N sets of boundary conditions along
the edges and N—l sets of continuity conditions needs to be
solved. The continuity conditions between two adjacent jth
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and j+ 1th layers for the general case are

U'\*i = V/2 =

(24ft)
-,,m/2 (24b)

A . __ --j-jl . . (^A.n\

A system of equations governing the behavior of multiple-
layered cylindrical shells has thus been derived according to
the theory, without using the classical Kirchhoff hypotheses.
The rotary inertias are included in the general derivation.
However, since all layers are considered to be thin, the
corresponding mass moment of inertia may be neglected in the
numerical computations. If the total thickness of multiple
layers becomes large, it is conceivable that there could be a
contribution from this term. However, Greenspon's work19

for an isotropic material suggests that even in this case this is
probably a higher-order effect.
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